connection with impulse control. A recent work concerning the QVI may be found in Mosco [ 111. If we consider a point-to-set map T:X+ 2E', then the generalized quasi-variational inequality problem (GQVI) is to find a point j~S (j) and a point BET(P) such that Re(li,j--x)60 for all xcS(j) (see [S] ).
In the present paper we shall give some general theorems on solutions of the GQVI. Our basic tool is the Ky Fan minimax principle [7] or the following generalized version due to Yen [ 151. THEOREM A. Let X be a nonempty compact convex set in a Hausdorff topological vector space E. Let 4 and Ic/ be two real-valued functions on Xx X having the following properties:
(a) 46$onXxXandIl/(x,x)<Oforallx~X; (b) For each fixed xf X, 4(x, y) is a lower semicontinuous function of y on X; (c) For each fixed y E X, $(x, y) is a quasi-concave function of x on X.
Then there exists a point j E X such that 4(x, j) 6 0 for all x E X.
Here, a real-valued function tj defined on a convex set X is said to be quasi-concave if for every real number I, the set {x E X:$(x) > A} is convex.
Let X be any nonempty subset of a Hausdorff topological vector space E. A set-valued map T: X + 2E is said to be monotone on X [4, p. 793 if for all x and y in X, each u in T(x), and each w in T(y), Re (w -u, y -x) 2 0. We need the following two kinds of continuity for set-valued maps. Let M and N be topological spaces, and let T:M + 2N be a set-valued map. We say that T is upper semicontinuous at x0 E M [2, p. 1091 if for each open set G with T(x,) c G there exists a neighborhood N(x,) of x0 such that if x E N(x,), then f(x) c G; r is upper semicontinuous on M if it is upper semicontinuous at each point of M. Also, r is lower semicontinuous at X,EM [2, p. 1091 if for each open set G with T(x,)nG# @ there is a neighborhood N(x,) of x0 such that if x E N(x,), then T(x) n G # 0; r is lower semicontinuous on A4 if it is lower semicontinuous at each point of M. Moreover, f is said to be continuous on M if it is both upper semicontinuous and lower semicontinuous on M.
Our proofs of Theorems 1 and 3 require the following lemma. Hencef, is upper semicontinuous and the proof is completed. 1 THEOREM 1. Let E be a locally convex Hausdorff topological vector space and X be a nonempty compact convex subset of E. Let S: X -+ 2x be upper semicontinuous such that for each x E X, S(x) is a nonempty closed convex subset of X, and let T: X + 2E' be monotone such that for all x E X, T(x) is a nonempty subset of E' and for each one-dimensional flat L c E, TI L n X is lower semicontinuous from the topology of E to the weak*- 
Proof
We divide the proof into two steps:
Step 1. There exists a point $E X such that $E S(j) and sup,,,,, Re(u,p--x) 60 for all x~S(j). Suppose the assertion were false. Then for all y E X, either y C S(y) or there exists a point XE S(y) such that supue TCXJ Re(u, y -x) > 0. Observe that whenever y cf S(y), there exists p E E' such that It follows that 4 Q Ic/ on Xx X. Clearly $(x, x) = 0 for all x E X. For each fixed x E X, since /Ii(i = 0, l,..., n) are continuous nonnegative functions of y on X and su~,~~(~) Re(u,y-x), Re(pi, y-x) (i= l,..., n) are lower semicontinuous functions of y on X, by Lemma 3 in [13, p. 1771, y-+4(x, y) is lower semicontinuous on X. Furthermore, for each fixed y E X, x -+ $(x, y) is quasi-concave. Hence, all the conditions of Theorem A are satisfied, so that there exists a point 9 E X such that 4(x, 9) 6 0 for all x E X; that is, PO(j) sup Re(u,j-x>+ f B,(Pi)Re(P,,9-x>~O
Since {h, P1,..., A} is a partition of unity, jIi( 9) >O for at least one index ic (0, l,..., n}. Choose any A E S(j) such that 4.9) sup Re(u,p-a)>---2 whenever a( 9) > 0.
UE T(2)
If /IO(j) > 0, then 9 E V,, so that a( 9) > 0. Hence,
If jIi( 9) > 0 for i = l,..., n, then j E V( pi) and hence
so that Re( pi, 9 -9) > 0. It follows that
contradicting (*). This contradiction proves Step 1.
Step 2. sup,,,p,Re(w,p-x)~Ofor all x~S(j). Let x~S(j) be arbitrarily fixed and let z,:=tx+(l-t)jrp--t(j--x) for t E [0, 11. As S(j) is convex, we have Z,E S(p) for t E [0, 11. Therefore 
This implies
Re(w,,j-x)<Re(u,j-x)+8.
By (**), we have Re( wO, j -x) <E. Since E > 0 is arbitrary, Re( wo, 9 -x) 6 0. As w. E r( 9) is arbitrary, sup Re(w,j-x)60 for all x E S(j), WE W)
This concludes the proof of our theorem. 1
In the first step of our proof, we follow the argument of Aubin [l, pp. 373-3743. In the second step of our proof, we use the argument of Shih and Tan [12] and Tan [14] .
When TG 0, Theorem 1 gives the well-known Fan-Glicksberg fixed point theorem [6, 8] . COROLLARY 
(Fan and Glicksberg). Let E be a locally convex
Hausdorff topological vector space and X a nonempty compact convex set in E. Let S: X + 2x be upper semicontinuous such that for each x E X, S(x) is a nonempty closed convex subset of X. Then there exists a point R E X such that 2 E S(i).
We shall now observe that in Theorem 1, the interaction between the maps S and T (namely, 2, is open in X) can be achieved by imposing additional continuity conditions on S and T. THEOREM 2. Let E be a locally convex Hausdorff topological vector space and X be a nonempty compact convex subset of E. Let S: X+ 2x be continuous such that for each x E X, S(x) is a nonempty closed convex subset of X, and T X-+ 2E' be monotone such that for each x E X, T(x) is a nonempty subset of E' and T is lower semicontinuous from the relative topology of X to the strong topology of E'. Then there exists a point 9 E X such that Thus, Re(f,,y,-x,)>cr/2>.0 so that y,EZ, for all y,EU. Hence C, is open in X and the proof is completed. 1 When S(x) -X, Theorem 2 gives a multivalued version of the Hartman-Stampacchia variational inequality [9] as follows. COROLLARY 2. Let E be a locally convex Hausdorff topological vector space and X be a nonempty compact convex subset of E. Let T: X + 2E' be monotone such that for each XE X, T(x) is a nonempty subset of E' and T is lower semicontinuous from the relative topology of X to the strong topology of E'. Then there exists a point 9 E X such that sup Re(w,j-x)<O for allxEX.
WE T (9) 3 In Theorems 1 and 2, T is assumed to be monotone together with some kind of lower semicontinuity. In this section we shall establish results for upper semicontinuous map T without monotonicity. THEOREM 3. Let E be a locally convex Hausdorff topological vector space and X be a nonempty compact convex subset of E. Let S: X -+ 2x be upper semicontinuous such that for each x E X, S(x) is a nonempty closed convex subset of X, and let T X + 2E be upper semicontinuous from the relative topology of X to the strong topology of E' such that for each x E X, T(x) is a nonempty compact convex subset of E'. Suppose further that the set <O for all XES(j).
Proof
Step 1. There exists a point PCS such that 3~ S(j) and SUP.~~~(~) inf,, T(P) Wz, 9 -x> 6 0.
Suppose the assertion were false. Then for all y E X, either y d S(y) or there exists x E S(y) such that inf,, TCyJ Re( z, y -x ) > 0. Observe that whenever y d S(y), there exists p E E' with Thus, sup inf Re(z,y, -x) >O xE%Jl) ZEVYl) so that y1 E Z, whenever y, E X with 1) y, -y0 11 < 6. This shows that C, is open in X and the proof is completed. 1 When S(x)zX, we obtain another multivalued version of the Hartman-Stampacchia variational inequality as follows. COROLLARY 3 . Let E be a normed linear space and XC E a nonempty compact convex subset of E. Let T: X--t 2F be upper semicontinuous such that for each XE X, T(x) is a nonempty compact convex subset of E'. Then there exist a point j E X and a point P E T(j) such that Re(i,j-x)<O for all x E X.
